We generalize the concept of enlargeable to closed topology manifolds and then show that the connected sum of a closed manifold M n (n ≤ 8) which admits locally CAT(0)-metric with an arbitrarily equal-dimensional closed manifold carries no Riemannian metrics with positive scalar curvature.
It is an open conjecture that closed aspherical manifolds do not admit a Riemannian metric with positive scalar curvature (PSC-metric). It is implied by strong Novikov conjecture which is true for CAT(0)-group by the theorem of Bartels and Lck [BL12] . We prove that locally CAT(0) manifold is enlargeable and then use Gromov's spherical Lipschitz bound Theorem [Gro18] to give a new proof of the conjecture for aspherical manifold M n (n ≤ 8) with locally CAT(0)-metric. Gromov proved the Spherical Lipschitz Bound Theorem (the SLB Theorem) in [Gro18] :
Theorem (Gromov) . If the scalar curvature of a (possibly incomplete) Riemannian n-manifold X n (2 ≤ n ≤ 8) is bounded from below by n(n − 1) = Sc(S n ) (i.e. the scalar curvature of the standard round metric on S n ), then for all continuous maps f from X n to the sphere S n with standard round metric of non-zero degree which are constant at infinity, the
and C > Gromov aimed to improve the lower bound of the Lipschitz constant in that paper, but we use the existence of uniformly positive low bound of the Lipschitz constant as a main tool to detect the obstruction of existence of a PSC-metric. Motivated by the theorem, we modify the definition of enlargeable [Gro18] so that we can embrace locally CAT(0) manifold.
A geodesic metric space (M, d) means a metric space for which every two points can be joined by a geodesic segment, i.e. an arc length parametrized continuous curve whose length is precisely the distance of the two points. A triangle △ in M with geodesic segments as its sides is said to satisfy the CAT(0)-inequality if it is slimmer than the comparison triangle in the Euclidean plane, i.e. there is a comparison triangle △ ′ in the Euclidean plane with sides of the same length as the sides of △ such that the distance between points on △ is less than or equal to the distance between corresponding points on △ ′ . The geodesic metric d on M is said to be a locally CAT(0)-metric if every point in M has a geodesically convex neighborhood in which every triangle satisfies the CAT(0)-inequality.
The locally CAT(0) manifold is a topology manifold with the locally CAT(0)-metric. Gromov generalized the classic Hadamard-Cartan theorem to the locally CAT(0) manifold [BGS85] : the universal cover of the locally CAT(0) manifold with an induced metric is globally CAT(0) manifold, i.e. every two points can be connected by a unique geodesic line and every triangle on it satisfies CAT(0)-inequality. Thus the locally CAT(0) manifold is aspherical manifold, which means the universal cover is contractible.
A topology manifold X with a complete metric is called ε-hyperspherical if it admits continuous maps f to S n (n = dim(X)) with standard round metric of non-zero degree and f is constant at infinity such that Lip(f ) < ε.
Definition. A closed n-dimensional topology manifold M n is said to be enlargeable if it exists a metric d such that for each ε > 0 there has an oriented covering manifold M n with the induced metric d which is ε-hyperspherical.
Since the metric is unique on the compact space up to equivalence, enlargeable is independent from the choice of metric. That is the reason why we only define it on closed manifold.
Lemma. Closed locally CAT(0) manifold is enlargeable.
Proof. Let (M n , d) be a closed n-dimensional locally CAT(0) manifold, then the universal cover ( M n ,d) is globally CAT(0) manifold by Gromov's Theorem. The map
where x 0 is a fixed point in M n , t ∈ (0, 1] and γ x is unique geodesic segment from x to x 0 . It is well-defined by the property of globally CAT(0) and the degree of f t is non-zero. We will show that Lip(f t ) = t. If x 0 , x, y are in the one geodesic, then Lip(f t ) = t. Otherwise, f t (x) and f t (y) can be connected by a unique geodesic which lies in the triangle △ x0xy , then by
n be a collapsed map around x 0 , then the degree of π is 1, and Lip(π) ≤ C for compactness and the continuity of π. Thus π • f t : M n → S n has non-zero degree and Lip(π • f t ) ≤ tC. For any small ε > 0, we can choose t such that ( M n ,d) is ε-hyperspherical. That means manifold which is endowed with a locally CAT(0)-metric is enlargeable.
The enlargeable in the sense of Gromov and Lawson [GL80] [GL83] is defined in the category of Riemannian manifold where the manifold or the covering manifold needs to be spin and the map to s n needs to be smooth. Ceccnini and Schick [CS18] relaxed the spin condition, but they still need the Riemannian metric and the smoothing of the map. It is clear that those two kinds of enlargeable are enlargeable in our sense. And we do extend their definitions for that the locally CAT(0)-metric may not be induced by Riemannian metric. Zhang [Zha17] generalized the enlargeable in the sense of Gromov and Lawson to the foliation case. Since there doesn't have a well-accepted definition of scalar curvature by purely metric, see [Ver18] , we will restrict our object to smooth manifold when we consider PSC-metrics.
By the SLB theorem and the definition of enlargeable, we have:
Property 1. Let X and Y be closed manifold and suppose there exists a continuous map f : X → Y of non-zero degree. If Y is enlargeable, then X is also enlargeable.
Property 2. The product of enlargeable manifolds is still enlargeable.
Property 3. The enlargeable manifold M n (2 ≤ n ≤ 8) carries no PSC-metrics.
Proof. The composed map S n × S m → S n ∧ S m → S n+m has non-zero degree. It implies the property 2. As M n is enlargeable, there exists a metric d such that one orientable covering ( M n ,d) is ε-hyperspherical (ε small enough). If M n also admits the PSC-metric g, then the Lipschitz constant of all maps (maps are constant at infinity and non-zero degree) from ( M n ,g) to S n has a uniformly positive low bound C by SLB Theorem. And there have positive constants α 1 and α 2 such that α 1 d ≤ g ≤ α 2 d for the compactness of M n . Then the Lipschitz constant of the map from ( M n ,d) to S n has the uniformly low bound α 1 C, which contradicts to the ε-hyperspherical. which supposes locally CAT(0)-metrics and M 4 is diffeomorphism to R 4 , but π 1 is not isomorphic to the fundamental group of any compact Riemannisn manifold with non-positive curvature. In dimensions not less than 5, Davis and Januszkiewicz [DJ91] constructed the locally CAT(0) manifold where the universal cover is distinct from R n and they also construct locally CAT(0) manifold whose universal cover is homeomorsphism to R n , but the boundary at infinity is distinct from S n−1 . (iii) Let M n (n ≥ 5) be the locally CAT(0) manifold mentioned in (ii) and N be an arbitrary closed locally CAT(0) manifold, then the product M n × N is locally CAT (0) Question. Let (M n , g) be a complete Riemannian manifold (compact or non-compact) with scalar curvature bounded below by n(n − 1), then for all continuous maps f from M n to the sphere S n with standard round metric of non-zero degree and f is constant at infinity, is 
